We investigate the influence of noninertial and spin effects on the 2D Dirac oscillator (DO) interacting with a uniform magnetic field and with the Aharonov-Bohm (AB) effect in the cosmic string spacetime. As results, we verify that the Dirac spinor is written in terms of the confluent hypergeometric functions and the energy spectrum depends of the quantum numbers n and m l , parameters s and η associated to the spin effects and to topology of the cosmic string, magnetic flux Φ of the AB effect, cyclotron frequency ω c generated by magnetic field, and of the angular velocity Ω of the rotating frame. In the nonrelativistic limit, we obtain the equation of motion of the quantum harmonic oscillator with two types of couplings: the spin-orbit coupling and the spin-rotation coupling. In particular, the relativistic and nonrelativistic energy spectra are periodic functions and increase in function of η and Ω. Finally, we comparing our results with other works, where verified that our problem generalizes some particular planar cases of the literature. * Electronic address:
I. INTRODUCTION
In 1989, M. Moshinsky and A. Szczepaniak formulated the first relativistic version of the quantum harmonic oscillator (QHO) for spin-1/2 particles, in which they named of Dirac oscillator (DO) [1] . To configure the DO, is necessary inserted into free Dirac equation (DE) a nonminimal coupling given by: p → p−im 0 ωβr, where m 0 is the rest mass of the oscillator with angular frequency ω > 0 and r is the position vector [1] . Since it was proposed in the literature, several works on the DO have been and continue to be performed in different areas of the physics, such as in thermodynamics [2, 3] , physics-mathematics [4, 5] , nuclear physics [6] [7] [8] , quantum chromodynamics [9, 10] , quantum optics [11, 12] and in graphene [13] [14] [15] . In Refs. [16, 17] , a DO-type coupling is used to model 2D quantum rings. In 2013, the 1D DO was verified experimentally by J. A. Franco-Villafañe et al [18] . Recently, the DO was studied in the context of the position-dependent mass [19] and in the presence of the Aharonov-Bohm-Coulomb system [20] , topological defects [21, 22] and electromagnetic fields [23] .
On the other hand, the study of noninertial effects due to rotating frames have been widely investigated in the literature since to 1910 decade [24] , where the best-known effects are the Sagnac [25, 26] , Barnett [27, 28] , Einstein-de Hass [29] and Mashhoon [30] effects.
In the last years nonineral effects have been investigated also in some condensed matter systems, such as in the quantum Hall effect [31] [32] [33] , Bose-Einstein condensates [34] [35] [36] , fullerene molecules [37, 38] and in atomic gases [39, 40] . Discussions about the neutrons interferometry induced by the Earth's rotation have been made in Refs. [41] . Besides, the study of noninertial effects in relativistic quantum systems also gained notoriety and focus of investigations in recent years [42] [43] [44] [45] . In special, the ED in a rotating frame has several applications, for instance, such equation is applied in physical problems involving spin currents [46, 47] , Sagnac and Hall effects [48, 49] , chiral symmetry [50] , magnetic fields [51, 52] , fullerene molecules [53] [54] [55] , nanotubes and carbon nanocons [56, 57] .
The present paper has as its goal to investigate the influence of noninertial and spin effects on the relativistic and nonrelativistic quantum dynamics of the 2D DO in the magnetic cosmic string background. Besides, we consider this background modeled by a uniform magnetic field and by the Aharonov-Bohm (AB) effect and by a deficit angle η, where η ≡ 1 − 4µ and µ is the linear mass density of the cosmic string. According to the literature, the first papers the to study the dynamics of the DO in a inertial frame in the presence of the AB effect with and without the cosmic string background and the spin effects are given in Refs. [58] [59] [60] . However, the first papers to the study the DO without magnetic interaction under the influence of noninertial effects with and without the cosmic string background are given in Refs. [61] [62] [63] . In particular, our work generalizes the results in Refs. [58, 60, 61] and of other works associated for the case of the 2D DO in the magnetic cosmic string background, where we showing rigorously how the dynamics of this system is substantially affected when the noninertial effects of a rotating frame are taken in consideration.
This work is organized as follows. In Sect. II, we present the cosmic string spacetime and the configuration of the magnetic field in the rotating frame. In Sect. III, we investigate the influence of noninertial and spin effects on the relativistic quantum dynamics of the 2D DO in the presence of a uniform magnetic field and of the AB effect in the cosmic string background. Next, we explicitly determine the Dirac spinor and the energy spectrum for the relativistic bound states of the system. In Sect. IV, we analyze the nonrelativistic limit of our results. Finally, in Sect. V we present our conclusions. In this work, we use the natural units where = c = G = 1 and the spacetime with signature (+ − −−).
II. THE COSMIC STRING SPACETIME AND THE CONFIGURATION OF THE MAGNETIC FIELD IN THE ROTATING FRAME
In this section, we describe the curved spacetime background in a rotating frame. The chosen curved spacetime is the cosmic string spacetime (gravitational topological defect) along the Z-axis, where the line element in cylindrical coordinates is given by [61, 63, 64] 
where η is defined in the range 0 < η < 1. In particular, the geometry characterized by the line element (1) has a conical singularity that gives rise to the curvature centered on the cosmic string axis (Z-axis), however, in all other places the curvature is null [63] . This conical singularity is represented by the following curvature tensor
where δ 2 (r) is the 2D Dirac delta. In condensed matter physics, is already well known that linear topological defects as disclinations and dislocations can be described through a line element in the same way as a topological defect in the general relativity [65, 66] . It is worth mentioning that in the case of the cosmic string, the spatial part of its line element corresponds to the line element of a disclination. Therefore, when we take the nonrelativistic limit of the DE, we can extend this formalism to the solid state physics context [67] .
We are interested in working with a rotating frame, thus, we must perform the following coordinate transformation
where Ω is the constant angular velocity (not an angular frequency) of the rotating frame and satisfy the condition Ωρ ≪ 1. So, with the transformations (3), the line element (1) becomes [61, 63] 
where o parameter κ is defined as κ ≡ Ωηρ.
With the line element (4), we need to construct a local reference frame where the observers will be placed; consequently, we can define from this the Dirac matrices in the rotating curved spacetime background. In this way, a local reference frame can be built through of an noncoordinate basis given byθ a = e a µ (x)dx µ , which its components e a µ (x) satisfy the following relation [63, 67] 
where g µν (x) is the rotating curved metric tensor, η ab is the Minkowski metric tensor and ν (x) must be satisfied. Our interest is to build a rotating frame where there is no torque on the system. Thus, we choose the tetrads and the inverse in the form
Note that this choice makes the 1, 2 and 3-axis of the local reference frame to be parallel to the ρ, ϕ and z-axis of the curved spacetime, respectively. With the information about the choice of the local reference frame, we can obtain the one-form connection ω
through the Maurer-Cartan structure equations. In the absence of the torsion (torque), this equations can be written as [63, 67] 
where the operator d is the exterior derivative and the symbol ∧ means the external product.
Therefore, the non-null components of the one-form connection are
Now, we will focus our attention on the configuration of the external magnetic field in the cosmic string background in a rotating frame. Therefore, to insert a magnetic interaction in DE due to a particle with electric charge q we must introduce into DE a minimal coupling given by:
A a is the electromagnetic field and γ µ (x) are the curved gamma matrices [63, 68] . Explicitly, A µ (x) is written in the rotating frame of the observer (Ω = 0) as follow
where A ϕ is the azimutal component of the electromagnetic field A a = (0, 0, −A ϕ , 0) written in the rest inertial frame of the observer (Ω = 0). Here, we consider a uniform magnetic field generated by a infinite solenoid of radius b perpendicular to the polar plane given by B = Bẑ, where the vector potential for this field is
Bρφ [20] , and the vector potential of the AB effect generated by a infinite solenoid of radius a (a < b) perpendicular to the polar plane given by
, where Φ > 0 is the constant magnetic flux [59, 60, 69] . So, we
and the parameter η arises due to the fact that the two solenoids coincide with the axis of symmetry of the cosmic string (z-axis) [59, 60] .
III. RELATIVISTIC QUANTUM DYNAMICS OF THE DIRAC OSCILLATOR IN THE ROTATING MAGNETIC COSMIC STRING BACKGROUND
In this section, we obtain the relativistic bound-state solutions of the DO interacting with a uniform magnetic field and with the AB effect in the rotating cosmic string spacetime. We start initially from the DO in cylindrical coordinates, and posteriorly, we turn the system into a dynamics purely planar (2D). In that way, the covariant DO in the curved spacetime background for a charged particle interacting with an external electromagnetic field is given by the following expression [63] 
where γ µ (x) = e µ a (x)γ a are the curved gamma matrices and γ a are the gamma matrices defined in the inertial Minkowski spacetime,
ω µab (x)σ ab the spinorial connections and the quantity ω µab (x) is so-called of spin connections. Besides that, with the one-form connections given in (8), (9), (10), (11) and (12), we obtain
where implies that
In addition, the curved gamma matrices are given by
Therefore, using the informations here presented and of the section II, Eq. (14) becomes
where the term S · Ω is so-called of spin-rotation coupling [30, 70] , being Ω = Ωẑ, S = 1 2 Σ is the spin operator, Φ 0 ≡ 2π e is the magnetic flux quantum and we assume that q = −e.
We see that it is difficult to proceed without simplification of Eq. (23). So, in order to solve exactly Eq. (23), we consider that the angular velocity of the rotation frame being small compared with the velocity of the light, thus, we have κ 2 ≪ 1 [61] . Now, using this condition and adopting the polar coordinates system where p z = z = 0, Eq. (23) becomes
Since we are working planar spacetime, it is convenient to write the gamma matrices
3 ) in terms of the 2 × 2 Pauli matrices, i.e., γ 1 = σ 3 σ 1 = iσ 2 , γ 2 = sσ 3 σ 2 = −isσ 1 and γ 0 = Σ 3 = σ 3 [60, 68, [71] [72] [73] . In particular, the parameter s (spin parameter) characterizes the two spin states, with s = +1 for spin "up" and s = −1 for spin "down", respectively. By using this information and setting the following ansatz for the two-component Dirac spinor [72, 73] 
we obtain from (24) a system of two first-order coupled differential equations given by
where
beingΩ ≡ (ω − s is the cyclotron frequency (angular velocity) of the particle in the plane, E is the total relativistic energy and m l is the orbital magnetic quantum number. Besides that, the connection between m l and m j , where m j is the total magnetic quantum number, is given as follows
where J z = L z + S z is the z-component of the total angular momentum J, being L z = −i ∂ ∂ϕ
is the spin magnetic quantum number and the values of m j are given by m j = 0, ±1, ±2, . . . [72, 73] .
So, substituting (27) into (26) and vice versa, we get two differential equations written compactly as
where we have defined
being R r (ρ) real radial functions and r characterizes the two components of the spinor, being that r = +1 describes a particle with spin up (s = +1) or down (s = −1) and r = −1 describes a antiparticle with spin up (s = +1) or down (s = −1), respectively.
In order to solve analytically Eq. (30), we will introduce a new dimensionless variable given by τ = m 0Ω ρ 2 . Thereby, by making a variable change in Eq. (30), we get
Analyzing the asymptotic behavior of Eq. (32) for τ → 0 and τ → ∞, we can write a regular solution in the form
where F r (τ ) are unknown functions to be determined and R r (τ ) must satisfy the following boundary conditions to be a physically acceptable solution (normalizable solution)
In this way, substituting (34) into Eq. (32), we obtain
It is not difficult to note that Eq. (36) is a confluent hypergeometric equation, whose solution are the confluent hypergeometric functions and is denoted by [71, 74] 
In particular, to that the Dirac spinor becomes a solution finite (normalizable) everywhere is necessary that the confluent hypergeometric function be a polynomial of degree n, consequently, the parameter |γr| 2 − E r should be a negative integer, i.e.,
where n = 0, 1, 2, . . .. Therefore, we obtain from this condition (quantization condition) the following energy spectrum of the DO in the presence of a uniform magnetic field and of the AB effect under the influence of noninertial and spin effects in the cosmic string background
being n r = n + ), respectively. We see that the energy spectrum (39) explicitly depends of the spin parameter s, magnetic flux Φ of the AB effect, cyclotron frequency ω c originated by the magnetic field, angular velocity Ω of the rotating frame, and of the deficit angle η associated to the topology of the cosmic string. In particular, we have that
, therefore, the energy spectrum is a periodic function with periodicity ±Φ 0 [75] . We also see in (39) that the particle (or DO) with spin up has energy eigenvalues larger than with spin down, i.e., for r = s = +1 the two terms in (39) are summed, while for r = +1 and s = −1 both terms are subtracted. On the other hand, we see that the antiparticle (or anti-DO) with spin down (r = s = −1) has energy eigenvalues (in absolute values) larger than with spin up (r = −1 and s = +1). Still with respect to the parameters r and s, it is verified that the energies of the antiparticle with spin down are slightly larger than those of the particle with spin up or down, i.e., we have N − > N + and
Besides that, the parameter η have the function of increase the values of the spectrum, for instance, in the limit η → 0 (extremely dense cosmic string), we have |E nr,m l ,s | → ∞. It is important to mention that this behavior also happens for the case of the angular velocity Ω, i.e., in the limit Ω → ∞ we have |E nr,m l ,s | → ∞. Last but not least, even in the absence of the AB effect (Φ = 0), string cosmic background (η = 1), uniform magnetic field and of the DO (ω s = 0), the free particle and antiparticle in the rotating frame still has a discrete energy spectrum, in this case, we can say that the rotating frame quantizes the energies.
Now, comparing the energy spectrum (39) with the literature, we verified that in the limits Ω = Φ → 0 and η → 1 with r = +1, we recuperate the energy spectrum of the DO in a flat inertial frame for ω c → 0 with s = ±1 [71] , for ω c → −ω c = 0 (charge conjugation) with s = +1 [72] and for ω c = 0 with s = ±1 and m l > 0 [76, 77] . Already in the limits Φ = ω c → 0 and η → 1 with r = s = +1 and m l > 0, we we recuperate the energy spectrum of the DO in a flat rotating frame [61] . Now, in the limit Ω = ω c → 0 with r = +1, we recuperate the energy spectrum of the DO under the influence of the AB effect and spin effects in a inertial frame for η → 1 [58] and for η = 1 [60] . Finally, in the limits Ω = ω = Φ → 0 and η → 1 with m l > 0, s = +1 and r = −1, we recuperate the relativistic Landau levels of a 2D Dirac particle (or of the relativistic quantum Hall famous effect) in a flat inertial frame [78] [79] [80] . From the above, we see clearly that the spectrum (39) generalizes some relativistic particular planar cases of the literature when Ω, ω, ω c , Φ, s or η are excluded from the system.
From here on let us concentrate on the form of the Dirac spinor to the bound states of the system. Therefore, substituting the variable τ = m 0Ω ρ 2 in the radial functions (34), we obtain the following two-component Dirac spinor
It should be noted that our Dirac spinor simultaneously incorporates the positive and negative values of the quantum number m l , which does not happen, for instance, in Ref.
[72]. This is due to the fact of we omitted the term faster and direct than if we had two spinors, a for each value of m l . In particular, taking the limits ω = ω c = Φ → 0 and η → 1, we get the spinor of the free particle in a rotating frame under the influence of spin effects. In this case, we see that the spinor still is normalizable, since it satisfies the following boundary conditions: Ψ(τ → 0) = Ψ(τ → ∞) = 0.
IV. NONRELATIVISTIC LIMIT
In this section, we analyze the nonrelativistic limit of our results. In order to do this analysis, it is necessary to consider that the greater part of the total energy of the system is concentrated in the rest energy of the particle, i.e., E ∼ = ε + m 0 , where m 0 ≫ ε and m 0 ≫ Ω.
So, applying this information in Eq. (30), we get
being ψ(ρ, ϕ) = e im l ϕ (R + (ρ), R − (ρ)) T the Pauli spinor and satisfies σ 3 ψ(ρ, ϕ) = rψ(ρ, ϕ).
Here, we have r ≡ s = ±1 and rs = 1, where r = +1 describes a particle with up and r = −1 describes a particle with down, respectively.
We verify that the first fourth terms in (43) we see inΩ other type of spin-rotation coupling, given by S · ω c , where now it is due to the rotation speed of the particle in the polar plane. Besides that, we verified that in the limits Ω = ω c → 0 and η → 1, Eq. (43) is reduced to the QHO in a flat inertial frame under the influence of spin effects for Φ → 0 [71] and for Φ = 0 [58] . Now, using the prescription E ∼ = ε + m 0 in (39), we get the following nonrelativistic energy spectrum of the QHO in the presence of a uniform magnetic field and of the AB effect under the influence of noninertial and spin effects in the cosmic string background
We see that in addition of the nonrelativistic spectrum (45) explicitly to depend of the spin parameter r, magnetic flux Φ of the AB effect, cyclotron frequency ω c originated by the magnetic field, angular velocity Ω of the rotating frame, and of the deficit angle η associated to topology of the cosmic string spacetime, is a periodic function with periodicity ±Φ 0 [75] .
Similar to the relativistic case, we see that the parameters η and Ω have the function of increase the values of the spectrum, i.e., in the limit η → 0 (extremely dense cosmic string)
and Ω → ∞, we have ε nr,m l → ∞. Last but not least, even in the absence of the AB effect (Φ = 0), string cosmic background (η = 1), magnetic field and of the QHO (ω r = 0), the nonrelativistic free particle in the rotating frame still has a discrete energy spectrum.
Comparing the energy spectrum (45) with the literature, we verified that in the limits ω c = Φ → 0 and η → 1 with m l > 0 and r = +1, we recuperate the energy spectrum of the QHO in a flat rotating frame [61] . Already in the limits Ω = ω c → 0 and η → 1, we recuperate the energy spectrum of the QHO in a flat inertial frame under the influence of spin effects for Φ → 0 [71] and for Φ = 0 [58] . On the other hand, in the limits Ω = Φ → 0 and η → 1 with m l > 0, we recuperate the energy spectrum of the QHO under the influence of a uniform magnetic field and effects of spin in a flat inertial frame [77] . Finally, in the limit Ω = ω c → 0, we recuperate the energy spectrum of the QHO in the cosmic string background under the influence of spin effects [60] . From the above, we see categorically that the energy spectrum (45) generalizes some nonrelativistic particular planar cases of the literature when Ω, ω c , Φ, r or η are excluded from the system.
V. CONCLUSION
In this paper, we study the influence of noninertial effects and of spin on the relativistic and nonrelativistic quantum dynamics of the 2D DO in the magnetic cosmic string background. We consider this background modeled by a uniform magnetic field and by the AB effect and we work in the polar coordinate system. Posteriorly, we analyze the asymptotic behavior of our resulting differential equation for τ → 0 and τ → ∞, where we obtain a confluent hypergeometric equation. From this result, we found the relativistic energy spectrum for the bound states of the DO. We observe that this spectrum explicitly depends of the quantum numbers n and m l , parameter s due to the spin effects, magnetic flux Φ of the AB effect, cyclotron frequency ω c generated by uniform magnetic field, angular velocity Ω of the rotating frame, and of the deficit angle η associated to topology of the cosmic string.
In particular, we saw that in addition of the spectrum to be a periodic function with periodicity ±Φ 0 , where Φ 0 is the magnetic flux quantum, increase of values in function of the parameters η and Ω, i.e., in the limits η → 0 (extremely dense cosmic string) and Ω → ∞, the spectrum grows infinitely. On the other hand, we saw that the particle (antiparticle) with spin up (down) has energies (in absolute values) larger than with spin down (up). In special, comparing our relativistic energy spectrum with other works, we verified that this spectrum generalizes some relativistic particular planar cases of the literature when Ω, ω, ω c , Φ, s or η are excluded from the system.
Yet, we also study the nonrelativistic limit of our results. For instance, considering that the greater part of the total energy of the system stay concentrated in the rest energy of the particle, we obtain the motion equation of the 2D QHO in the presence of a uniform magnetic field and of the AB effect under the influence of noninertial effects and of spin in the cosmic string background (conic Euclidean space). In particular, this QHO has two types of couplings: the spin-orbit coupling, given by S · L, and the spin-rotation coupling, given by S · Ω and S · ω c . With respect to the nonrelativistic energy spectrum, such spectrum has some similarities with the relativistic case, for instance, depend of n, m l , s, Φ, ω c , Ω and η, is a periodic function with periodicity ±Φ 0 and the parameters η and Ω have the function of increase the values of the energies. Now, comparing the QHO as well as its energy spectrum with other works, we verified that this oscillator and the spectrum generalizes some nonrelatvistic particular planar cases of the literature when Ω, ω c , Φ, s or η are excluded from the system.
